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Pm I Abstract 

0* .... 

We prove that the Fourier transform of the properly-scaled normalized two- 
point function for sufficiently spread-out long-range oriented percolation with index 
a > converges to e~ c ' k ' a for some C G (0, oo) above the upper-critical dimen- 
sion d c = 2 (a A 2). This answers the open question remained in the previous paper 
PP. Moreover, we show that the constant C exhibits crossover at a = 2, which is a 
result of interactions among occupied paths. The proof is based on a new method 
of estimating fractional moments for the spatial variable of the lace-expansion co- 
^} • efficients. 

o 

2 '■ 1 Introduction and the main result 

oo 

We consider oriented bond percolation on Z d x Z+, where each time-oriented bond 
((x,n), (y,n + 1)) is occupied with probability pD(y — x) and vacant with probability 
1 — pD(y — x), independently of the other bonds. Here, D is a Z d -symmetric probability 
distribution on Z d , hence the parameter p e [0, H-DH^ 1 ] can be interpreted as the aver- 
age number of occupied bonds per vertex. We say that a vertex (x,j) is connected to 
(y,n), and write (x,j) — > (y,n), if either (x,j) = (y,n) or there is a time-oriented path of 
occupied bonds from (x,j) to (y,n). Let P p be the probability distribution of the bond 
variables, and define the two-point function as 

(p p (x,n) =P p ((o,0) -> (x,n)), 

and its Fourier transform as 

Z p (k;n) = ^ e ik ' x ip p (x,n) (k E [-n,n] d ). 
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Notice that Z p (0;n) = Ylxez d (p p (x,n) is the expected number of vertices at time n con- 
nected from (o,0). It has been known ([3] and references therein) that there is a p c > 1 
such that 

^ [=00 (p> Pc ). 

In the previous paper [1] (often referred to as Part I from now on), we investigated 
critical behavior of long-range oriented percolation defined by 

D(x) k{x/L) 



E^GZd h(y/ L ) ' 



where h is a probability density function on M. d satisfying h(x) x |a;| _d_a (i.e., \x\ d+a h(x) 
is bounded away from zero and infinity) for large x. Here, a > is the characteristic 
index, and L G [1, 00) is the parameter that serves the model to spread out. For example, 
|| Z? || oo = 0(A), where 



A = L- d . 



See [U Section 1.1] for the precise definition and other properties of D. Notice that the 
variance a 2 = J2 x ez d \ x \ 2 D(x) does not exist if a < 2. 

Suppose that there is a positive finite constant v a (= |-r if a > 2) such that the Fourier 
transform D(k) = J2 x ez d D(x)e lh ' x obeys the asymptotics 

fv a \k\ aA2 (a ^2), , s 

The assumption ( 11. ip with f a = 0(L QA2 ) indeed holds if, e.g., /i(x) ~ c|x|~ d ~ a as |x| — > 00 
for some constant c (see [TJ Section 10.5] for the 1-dimensional case). Let 

K = kJ^ n \f f^ (1.2) 

[ {v 2 n log Vn) 2 (a = 2), 

so that 

lim n(l-D(k n )) = \k\ aA2 . (1.3) 

Among various results, we proved that, for a > 0, d > 2 (a A2), L > 1, pe (0,p c ] an d 
fc G M d , there exists c, c' = 1 + 0(A) such that the normalized two-point function satisfies 

e -d*r 2 < ]i mini Zp{kn;n } < lim sup ^"^ < e- c 'l fc l QA2 . (1.4) 

n^oo z p (0; n) n.^oo Z p (0; n.) 

Here, c? c = 2(a A 2) is the upper-critical dimension of this model. We do not expect that 
(11.4J) holds for d < d c . Compare this result with the behavior of the two-point function for 
the branching random walk on Z d whose mean number of offspring per parent is p > 0: 



Z;™(k- n) = p n D(kr, lim ' V"J = e-l fc ' QA2 . (1.5) 



n— »oo 



Z™ w (k n -n) 



The latter is an immediate consequence of the former and (11.31) . We note that e~' fc ' a is 
the characteristic function of an a-stable random variable (see, e.g., [10]). 

The proof in p] of (11.4J) is based on the lace expansion for the two-point function. To 
derive information of the sequence Z p (k; n) from its sum (= the Fourier-Laplace transform 
of the two-point function) and prove ( 11.41) . we established optimal control over fractional 
moments for the time variable of the lace-expansion coefficients. However, due to the 
long-range nature of our D, we were unable to optimally control fractional moments for 
the spatial variable of the expansion coefficients and squeeze the bounds in (11.41) to identify 
the limit. We note that, by the standard Taylor-expansion method, the limit has been 
shown to exist at p = p c if a > 2 [6] and for every p e (0, p c ] if the model is finite-range 
[8]. This standard method does not work for a < 2 in the current setting. 

In this paper, we develop a new method to estimate fractional moments for the spatial 
variable of the expansion coefficients and achieve the following result on the normalized 
two-point function: 

Theorem 1.1. Let a > 0, d > 2(aA2), L > 1 and p G (0,p c ]. There is a C = 1 +0(X) 
such that, for any k EM d , 

Z p (k n ;n) _ e _ C |fe|«A2 
n-»oo Z p (0; n) 

where k n is defined in jil.2\) . Moreover, 

1 [l + ^y2\xW(x,n)m; (a>2), 

C = — — x ° ( ,, n ) ' (1.6) 

l+pm P 2_^mx p {x,n)m p x (a < 2), 

(x,n) ^ 

where m p is the radius of convergence for Y^=o Zp{0] n) rn n , and ir p (x, n) is the alternating 
sum of the lace- expansion coefficients. The sums in U.6\) are absolutely convergent. 

See, e.g., [TJ Section 3.1] for the precise definition of tt p (x, n). 

The most remarkable observation in the above theorem is that the constant C exhibits 
crossover at a = 2. This phenomenon is observable if ir p , which is mo del- dependent and 
contains information about interactions of occupied paths, is nonzero. We recall that, 
for the branching random walk, occupied paths are independent and n p = 0, hence C is 
always 1 as in (11.51) . Therefore, the crossover behavior in (jl.6p is a result of interactions 
among occupied paths. 

We should emphasize that our approach developed in this paper and Part I is widely 
applicable, not only to our long-range oriented percolation, but also to various other (long- 
range/finite-range) statistical-mechanical models. For example, our methods also apply 
to show that a similar result to the above limit theorem holds for long-range self-avoiding 
walk with the characteristic index a > 0, studied in [5]. Markus Heydenreich is working 
in this direction [I]. His work will be a generalization of the results in [2], [12], where D{x) 
is proportional to \x\~ 2 if x is on the coordinate axes, otherwise D(x) = 0. Since the 
coordinate axes are 1-dimensional, we should interpret a for this particular model as 1. 

As another nontrivial application of the fractional-moment method of this paper, one 
of the authors (LCC) will report in his ongoing work that the gyration radius £' r) of order 



r G (0, a) for sufficiently spread-out oriented percolation with d > 2(a A 2) obeys 

1 V-, ,r / xV^ f^ («/ 2), 



erH-(^^EN>^-)) 



(nlogn) 1 / 2 (a = 2), 



for every p e (0, p c ] . 

The rest of the paper is organized as follows. In Section [21 we summarize the relevant 
results from Part I. In Section [31 we prove Theorem 11.11 subject to a key proposition on 
fractional moments for the spatial variable of the lace-expansion coefficients. We prove 
that proposition in Section 0] using a certain integral representation for fractional powers 
of positive reals. 

2 Summary of the relevant results from Part I 

In this section, we summarize the results from Part I that will be used in the rest of the 
paper. 

First, we introduce some notation. Let 

(,. .v \ ) pD(x) (n=l), 

Qp{x,n) =Pp(J(o,0),(x,n)J is occupied J = < 

We denote the space-time convolution of functions / and g on Z d x Z + by 
(f*g)(x,n)= Yl f(v,t) g(x-y,n-t), 

(y,t)eZ d xZ + 

and the Fourier-Laplace transform of / by 

f(k, Z )= y, f( x > n ) elk ' Xzn ( k e [-*> *?> zeC ^- 

(x,n)eZ d xZ + 

Notice that ^-A fc /(/,z), defined as 



2 v ' v ' 2 

= ^ (l-cos(fc •&))/(&, n)e* x 3 n , (2.1) 

is the Fourier-Laplace transform of (1 — cos(A; • x))f(x,n). 

In [U, Section 3.1], we explained the derivation of the convolution equation 

ip p (x,n) = Tc p (x,n) + (7r p *q p *ip p )(x,n), 

where n p (x, n) is the alternating sum of the Z d -symmetric nonnegative lace-expansion 
coefficients 7T p N) (x, n) for N = 0, 1, 2, ... : 

oo 

7r p (x,n) = £(-l)^(*,n). (2.2) 

N=0 

The precise definition of ir p N) is unimportant in this paper. However, we will use the 
following properties of ti p and <p p : 



Proposition 2.1. Let a > 0, d > 2(a A 2) and L > 1. Then, 

pm p jr p (0,m p ) = 1, (2.3) 

^n|7r p (x,n)|m n <0(A), (2.4) 

(a;,n) 

J^ (l-cos(£;-x))|7r p (x,n)|m n < 0(A) (!-£>(£;)), (2.5) 



(x,n) 



and 



\v P (k,me ie )\< ^ , , (2.6) 

pm p (l-^- p ) + \9\ + l-D(ky 

\A k p (l,me ie )\< Y l-D(k) _ 

x W (27) 

pm p (l-^) + 1^ + 1-^+^)' 

uniformly in p G (0,p c ] ; m G [0, m p ), A;, / G [— 7T, 7r] d and G [— n, it]. 

Proof. The identity ( 12. 3D for every p G (0,p c ] was proved in [U (2.17) and (2.22)]. The 
bounds ( 12. 4ft and ( 12.61) for p G (0, p c ) were also proved in Part I, and can be extended up 
to p = p c , as long as m is strictly less than the radius of convergence, m Pc = 1 (cf., [U 
Corollary 1.3]). 

The same extension applies to the bounds (12.51) and (12. 7p . if they hold uniformly in 
p G (0,p c ) an d m G [0, m p ). In Part I, we showed that 

J2 (1 - cos(A; • x)) \ir p (x, n)\m n < O(A) ( 1 - — + 1 - D(k)) , 

uniformly in p G (0,p c ), m G [0, m p ) and k G [— 7r,7r] d . However, since the left-hand side 
is increasing inm< m p , we obtain 

y (l — cos(k ■ x))\n p (x,n)\m n < lim N (l — cos(k • x))\ 

t— 4 m\m v *—* 

(x,n) (x,n) 

(m 
1 + 1-D{k) 
m p 

<0(\)(l-D(k)), 

as required. Using this stronger bound and following the steps in [1, Section 4.2], we also 
obtain (12.71) . This completes the proof. □ 

Finally, we summarize the results for the n th coefficient Z p (k; n) of the series expansion 
of <p p (k,m) in powers of m: p (k,m) = Yl^=o Z p (k; n) m n . Let (cf., [H (2.33)-(2.34)]) 

Af{k) = D(k) + m v d ^v(^m) 
" pm p Tc p {k,m p y 



7T P (Q, m p ) - ic p (k, m pJ 

iT p {k,m f 



B p (k) = 1 - D(k) + wy-'WHW ^ (2 9) 



where d m 7t p (k,m p ) = lim m | mp <9 m 7r p (£;, m). Notice that, by (I2.4I) - (I2.5I) . 

\m p d m Tt p (k,m p )\ < lim \ n \ir p (x,n)\ m n < 0(A), (2-10) 

m]m p ' J 
(x,n) 

|vr p (0,m p )-7r p (A;,m p )| < ^ (l - cos{k ■ x))\ir p (x,n)\m^ < 0(A) (l - D(k)), (2.11) 

(x,n) 

where the 0(A) terms are uniform in p G (0,p c ] and k G [— 7T, 7r] d . Moreover, since n p (x, 0) 
equals the Kronecker delta 5 X ^ (cf., [U (3.2)]), we have 7t p (k,m p ) = 1 + 0(A) and thus 
A { p r) {k) + B p (k) = 1 + 0(A) uniformly in p G (0,p c ] and k G [-vr, 7r] d . 

In [U Section 2.4], we showed that, for a > 0, d > 2(a A 2), L » 1 and e G (0, 1 A 

d-2(aA2) \ 
«A2 /' 

m"Z„(fc;n) = — s — p V 1 +0(r2~ e ), 

hence 

Z p (k;n) _ 1«(0) / i«(A;) 



Z p (0;n) A p x \k)+BJk) \A$\k) + BJk) 



+ 0(n' e ), (2.12) 



uniformly in p G (0,p c ] and k G [— n, 7i] d . To prove Theorem 11.11 it thus suffices to 
investigate the first term in (j2.12p . 



3 Proof of Theorem 11.11 subject to a key proposition 



In this section, we first prove Theorem 11.11 assuming convergence of fractional moments 
for the spatial variable of 7r p , as stated in the following proposition: 

Proposition 3.1. Let a > 0, d > 2(a A 2), L > 1 and 

s G (0, a A 2 A (d - 2(a A 2))) (a ^ 2), 

'' ' =0 (a = 2). l ' ' 



Then, for any p G (0,p c ], 



^\x\ a/s2+5 \n p {x,n)\m n p < oo. (3.2) 

(x,n) 



We will roughly explain why 5 is chosen as in (13.11) , after the proof of Theorem 11.11 is 
completed. The proof of Proposition 13.11 is deferred to Section HI 

Proof of Theorem li.il subject to Proposition \3.1\ As explained at the end of Section El it 
suffices to investigate the term 

41W n(l-D(fc)) Bp(fc) 



4 1) (A;)+5 p (fc)y \V 4 1} (A;) 



Notice that, by (l2Tgj) - (T2TTTj) and (Q|) . 



A?(k) 



\k\-*0 



n{l-D{k n )) \k\ aA2 



where 



Moreover, 



A p 1} (0) = 1 + pm p ^ n ^pfo n ) m p • 

(x,n) 



-Bp(fc) 1 7Tp(0,m p ) 7Tp(0,m p ) -7T p (fc, m p ) 

—„ = 1 + pm„ -^— ^- — — t—^ — 

l-D(k) Ti p {k,m p ) 



— > 1 + pm p lim 

|jfc|-»o \k\-*o 



l-D(k) 
fr p (0,m p ) -n p (k,m p ) 
l-t)(k) 



if the limit exists. To complete the proof of Theorem 11.11 it remains to show 



7Tp(0,m p ) -7t p (k,m p ) __ j rf 
l*l-o 1 -£)(&) 



— J^ |a;| 2 7T p (x,n)m p (a > 2), 



(x,n) 



(3.3) 



(a < 2). 



Now we choose 5 as in (13.11) and use Proposition 13.11 to prove (I3.3P for (i) a < 2 and 

(ii) a > 2, separately. 

(i) Let a < 2 and a + 5 < 2. Then, we have 

0< 1 - cos(Jfc • a;) < 0(\k ■ x\ a+s ). 



By the spatial symmetry of the model and using (13.21) with 5 satisfying a + 5 < 2 and 

M), 



|7Tp(0,m p ) - 7r p (/c,m p )| 



?77v 



y^ (l — cos(A; • x)) tc p {x, n) 

(x,n)£Z d xZ + 

<0(\k\ a+s ) J2 \x\ a+5 K(x,n)\m; 

0,n)eZ d xZ + 

= 0(\k\ a+s ). 



By (11.11) . we thus obtain that, for small \k\ 

\jr p (0,m p ) -7r p (A;,mp)| }0(|fc| 



i-£(*) - ^(l/bg^; 

This yields Q for a < 2. 

(ii) Let a > 2 and <5 < 2. By the Taylor expansion, 

(k-x) 2 



(a < 2), 
(a = 2). 



1 — cos(/c • x) 



0(|fc-x 



2+<5^ 



Then, by the spatial symmetry of the model and using (I3.2p with 8 satisfying (13.1 1) . 

\k\ 2 sr^ 
7r p {0,m p )-7c p {k,m p )= 1 -^ 22 \x\ 2 n p (x,n)m r p l + 0(\k\ 2+s ). (3.4) 

(x,n)eZ d xZ+ 

The limit (13.31) for a > 2 follows from (13.41) and the asymptotics (II. ip with v a = |-v. 
This completes the proof of Theorem 11.11 subject to Proposition 13. 1[ □ 

Before closing this section, we roughly explain why 8 < a A2 A (d — 2(a A2)) for a^2 
(the necessity of 8 = for a = 2 and 8 > for a ^ 2 is obvious from the above proof of 
Theorem I l.ip . This is a sort of preview of Section HI 

In Section HI we will use diagrammatic bounds on the expansion coefficients ir p N) 
in (12.21) . In each bound (cf., (14. 1 1) - (14. 3 p below), there are two sequences of two-point 
functions from (o, 0) to (x, n). To bound Ys(xn) \x\ aA2+S 7i p N) (x,n)m n , we will split the 
power a A 2 + 8 into Si and 82, and multiply one of the aforementioned two sequences of 
two-point functions by l^l 51 and the other by \x\ S2 . Here, we choose 81 and 82 both less 
than a A 2, so as to potentially control the weighted two-point functions, like \y\ Sl (p p (y, s). 

Then, Y2(xn) \x\ aA2+5 n p N) (x,n)m n will be bounded by the product of diagram func- 
tions (cf., Lemma 14.31 below). Those diagram functions are the "triangle" T pmi which 
is independent of 5\ and <5 2 , its weighted version T'(8\) and the weighted "bubbles" 
W' pm {8 2 ) and W pjm {8 1 ,8 2 ) (cf., (jOD-(jIID below). As shown in Section ECU it is not hard 
to bound W'fa) uniformly in p and m for d > 2(a A 2) and L ^> 1 as long as 82 < a A 2. 
However, to bound T pm (8i) and W pm (8x, 82) uniformly in p and m, we will have to choose 
8\ to be small depending on how close d is to the upper-critical dimension 2(a A 2). As 
described in Lemma [4.51 below, we will choose 81 less than d — 2(a A 2). 

To summarize the above, we have 

< 81 < a A 2 A (d - 2 (a A 2)) , 0<5 2 <«A2, 81 + 8 2 = a A 2 + 8. 

To satisfy all, it suffices to choose 81 "slightly" larger than 8 and let 8 2 = a A 2 — (81 — 8). 
This is why we choose 8 < a A2 A (d — 2(a A 2)) when a^2. 



4 Proof of Proposition 13.1 



Finally, in this section, we prove Proposition EUl First, in Section I4TTI we bound fractional 
moments for the spatial variable of the expansion coefficients n p N) in (I2.2p in terms of 
certain diagram functions. In Section 14.21 we use an integral representation of a s for 
a > and 8 £ (0, 2), which is the key to the proof of Proposition 13.11 In Section H~3| we 
show that the aforementioned diagram functions are convergent, and complete the proof 
of Proposition 13.11 

4.1 Diagrammatic bounds on the expansion coefficients 

In this subsection, we bound J2(xn) \x\ r \n p (x,n)\m n for r > in terms of the diagram 
functions T pm , T', W' and W pm defined in Lemma 14731 below. 
First, we show the following elementary inequality: 



Lemma 4.1. For any r > and m > 0, 



y^ \x\ r \iT p (x,n)\ m" < g?2 +1 V^ ^ |xi| r 7r, 

(z,n) ^=0 (x,n) 

where X\ is the first coordinate of x = (xi, . . . , Xd). 
Proof. For any r > 0, we have 

d \ r/2 , d v r/2 



r *f°(a;,n)m n , 



:r 



£k-i 2 <(E«) = <f /2 w^ r/2 £ 

.7 = 1 ' ^.7=1 ' .7 = 1 






j=l j = l ' j-- 

By this inequality and using the nonnegativity and the spatial symmetry of ttL n \ we obtain 



J2 \x\ r \ir p (x,n)\m n < d^' 2 ^ £ W E^ 1 ^ 7 ^' 71 ) 

(x,n) i=l (x,n) ^=0 

d oo 

j=l 7V=0 ( x ,n) 
oo 

= # 1 ^^|j 1 | r ^ ) (i ) n)m' 1 , 



m" 



7V=0 (x,n) 



as required. 



D 



Next, we use (9J Lemma 1] to investigate ^2t xn )\xi\ r 7i p N) (x,n)m n . For notational 
convenience, we denote vertices in Z d+1 by bold letters, e.g., o = (o, 0) and a? = (x,t x ), 
where t x is the temporal part of x. Let 

ip p (x) = (q P *<p P )(x). 

Given a sequence of vertices y 1 , . . . , %/j e Z d+1 , we write 



yj = Y,Vi- 



8=1 



For j/ 1; z 1; t/ 2 > 2 2 , • • • € Z d+1 , we define 



A p(^-i 5 ^i-i; Vi, Zi) = ippiVi) %{*i 






Ap(l/i, «i; 2/ i+ i, «i+i) = -r— V>p(l/i+i)V'p(*i+i)- 

Lemma 4.2 (Equivalent to Lemma 1 [9]). For iV = 0, 



<<>(a;)- (J^c <ip P (x) 



(4.1) 



For N > 1, 

N 



*P 



( p N) (x)< J2 ( Pp(yi) t P P (zi)Y[^p(y i ,z i ;y i+1 ,z i+1 ), (4.2) 



Zl,...,Zff + i 

{Vn+i=zn+i=x) 

and, for any j £ {2, . . . , N + 1} , 

-i-i 



71 
V 



( 

Vi,—,Vn+i ^ «=2 

zi,...,zjv+i 

(Vn+i=zn+i=x) 

where an empty product is regarded as 1. 
For further notational convenience, we let 

<p p m \x)=<p p {x)m t ', 

il>< p m) (x)=il> p (x)m t -, 

^p m) (yi-i, Zi-i] Vi, z t ) = ApiVi-i, Zi-i] y l , Zi) m*'<, 

Given arbitrary 8 t , 5 2 > 0, we define T PtTn , T' pm = Tp m (5i), W pm = W pm (S 2 ) and W pm = 
^ m (<M 2 )as 

T p , m = sup ^ V P (v) ((^ * <p p ){y ~x) + J2 V P (z - y) i> p m \z - aj) J , (4.4) 

% >m = sup £ \yi\ Sl My) («' * v> P )(v - x) + J2 v P {z - y) ^ m) (* - x)) , (4-5) 

Km = supVVpO) ll/i - xi\ S2 ^ p m \y - x), (4.6) 

y 

w; hm = sup ]T \ yi \ 5i My) \yi - zil fe V£"°(i/ - x). (4.7) 



Using the above diagram functions and Lemma 14.21 we obtain the following: 
Lemma 4.3. For any iV > and m > 0, 

J2 \zi\ Sl+Sa ir™(x,n)m n < (N + l) d ^(T P;m ) N - 2 f(^N(l + T p , m ) + T PiT ^T p , m W^ m 

(x,n) ^ 

+ n((n- i)(i + r Rm ) + 3T p , m )T; im iy; >m ^) . (u 

10 



T 



p,m 



+ 




W 

p,m 




r 

p,m 




+ 



n 



w" 

p,m 




Figure 1: Schematic representations of the diagram functions. Each pair of horizontal 
short line segments represents q p , and the other longer line segments represent ip p . A 
bold line segment representing ip p (x, n) is weighted by the factor m n if the line segment is 
indexed by m, and by the factor \xi\ s if the line segment is indexed by 5. A dashed arrow 
represents the supremum over its terminal point x e Z d+1 , with its initial point fixed at 
the origin o. 



Proof. First of all, by (14. ip . we immediately obtain 

Y^ \x 1 \ 5l+52 ir p 0) {x,n)m n < J^ \xi\ 5l if> p (x,n) \x x \ 5 ^ p m \x,n) < W' p \ m , 

(x,n) (x,n) 

as required. 

Let N > 1. We denote the first coordinate of the spatial part of y i by y^: y i = 
{{Vi,i, ■ ■ ■ ,yi,d),t yi ). Similarly, we write, e.g., y t = ((y itl , . . . ,y i; d),t$.). Notice that, since 



/JV+1,1| 



7V+1 



N+l 



J2 Via ^( N + x ) 51 max fad 61 <( N + V 51 J2 \y^\ Sl 

3=1 3 3=1 



we have that, for y N+1 = z N+ \ = x, 



N+l 



I \S 1 +S 2 _ \y \Si\=? \S 2 <- (at i -\\Si+S 2 V^ L, liil- 1*2 

l x i| — | i/iv+i,i | |*jv+i,i| _i ^ iv i L ) / j |yj,i| \ z 3 ,i\ ■ 



3,3'=1 



By this inequality and using (J4.2p - (j4.3p . we obtain 



N+l 



J2 \xi\ Sl+S2 TT p N) (x,n)m n < (N + l) Sl+S2 J2 S 3' 

(x,n) j'=l 



where 



N+l 



N 



Si = J2 YI i^ii'VpWi^ii^^^on^^'^j^i'^+i) 



j=l y 1 ,---,y N+1 
zi,...,zjv+i 

(yjv + i=5jv+i) 
(t yi >t zi ) 



i=l 



(4.9) 
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and, for j' > 1, 

N+i f i'-\ 



s ? = E E i%mI 5 v p (?/i) <'(^i) y P (i/i - «o ( n A P m) (y*~i> *i-i> fin *<) ) 

i=i vi,--- ii/jv+i ^ i=2 ' 

zi,...,Zj\r_l_l 

(yjv+i=2jv+i) 

/ * 

It remains to estimate each Sj>. To do so, we follow the same line of argument in 
[91 Section 2]. Here, we explain in detail how to estimate Si. First we note that, by 
translation- invariance, 

sup J2 A p m) (o, w; x, x + y) < T p>m , (4.10) 

" 11), x 

su P J2\yi\ Sl ~ A P n) (°i w i x i x + y) < T P,m- (4-ii) 

V 

" w,x 

Then, by repeated use of translation-invariance, the contribution to S\ from j = 1 is 
bounded as 



E \yiA\ 5l Myi)\ziA 52 v P m \zi)\lK n \m,^y l+ i> 



Vu—tVN+l i=l 

Zl,...,Z N + l 



JV-1 



= ^A<f>(o,w;x,x) Yl lai| 5 V P (2/i) ki,il* , < ) («i) II A^(^,^;j/ m ,z m ) 

Z\,...,Zff 

(z N =y N +w) 

AT-1 

< T p , m sup ^ |l/i,i|*Pp(l/i) kil*V?°(*i) II A ^' 5 - &+*' £ '+i) 
™ yi,-,VN i=\ 

Z\,...,Z N 

(z N =y N +w) 
(t Vl >t Zl ) 



N-2 



< (T p , m ) 2 sup ]T ii/ni^VpCi/i) kii*v?°(*i) n A p m) ^- B ^ y»i> ^ 



Vif-jllN—i i=\ 

Zl,...,Zj\r-l 

(zjv-i=y JV _i+^) 



<(Tj,, m )" sup Y. IJ/i.il^Vpd/Oki.il'VrH*!) 

™:*™>0 yijZl 

(y 1= zi+ii;) 

< (T^W^, (4.12) 
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where we have used f p (x) < S Xj0 + ip p (x). Similarly, the contribution to S\ from j > 1 is 
bounded as 



N 



Yl \yjA Sl v P (yi) l*i,il*v£ m) (*i) II A p m) ^- ^J ^+i> *<+0 

Vi,— iVjv+i i=l 

zi,...,zjv+i 

(3iv+i=2iv+i) 

< (T^)"" 1 ^ sup ^ ^(2/i)ki/V; m) ( z i) 

(Wl=*l+to) 
2i \- L p,m) - L p,m vv p,m- 

Therefore, 

Si < N(T Pim ) N -X,mW^ m + (T p>m ) N W; >m . (4.13) 

To estimate Sf for j' > 1, we first use (I4.10p - fl4.lip . For example, the contribution 
from j = j' is bounded, similarly to (14.121) . as 

Yl fyM <'( 2 i) <pp(yi - *i) ( II A P m) (^-i> *<-i; &> *<) ) 

Wi,—iWjv+i ^ i=2 ' 

Z1,...,Zjv+1 

(3at+i=2jvh-:l) 

x ii/iMi^VpCi/iO kiMi* , ^ m) (*iO ( n A p m) (^' **; ^+i' ^+o ) 

< (^.m)^ 1 ^" SUp ]T ^(l/J ^ m) ( 2l ) ^(l/! - «i) 

x Vi,-,Vj> 

zi,..., Zjl 

x ( II A l> m) (^-i' ^-i; fc> f «) ) I^mI^pM l%Ml* a ^ m) (*i')- 

< (T P!m ) N+1 -i'W^ m sup ]T Vp ( yi ) <p™( Zl ) MVi ~ *0 

33 yi.-.i/j'-! 



zi,...,z J /_ 1 

(5,-/_l=Wj/-l+!B) 



-i'-i 

X 

i=2 



(n A P m) (^-i'^-i;^^))- ( 4 - 14 ) 

\ i — / 



Notice that 

sup^A^K^^z) <T p>m , sup^M 5l A p m) (o^;^) <?£, 

a; a; 

By repeated use of translation-invariance, we obtain 



Wm<{l + Tp,m){T p , m ) N - l W" 



p,m' 
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It is not hard to see that the contribution from j not being either j' or 1, which is possible 
only if N > 2, is bounded by (1 + T p>m )(T P;m ) N ~ 2 T'W', and the contribution from 
j = 1 is bounded by 2(T Pim ) N ~ 1 T'W'. Therefore, for j' > 1, 

S f < ((AT-l)(l + T Pj J+2T P)m )(T p! J^ 

(4.15) 

The proof of (BSD is completed by assembling (Q)l . (14131) and (Q5jl . D 

4.2 Integral representation of fractional- power functions 

In this subsection, we use an integral representation of a s for a > and 5 G (0, 2) to 
bound the diagram functions T', W pm and W pm . 

First we note that, for 5 G (0, 2), 

^l-cost 



K s = I ... dt 



'o 
is a positive finite constant. Replacing t by u = t/a with a > 0, we obtain 

, 1 f°° 1 - cos(wa) , 1 /2 /^l-cosfua) , \ , 

which is the key inequality. 

To describe bounds on T', W' and W" below, we define 

Y k (l,z) = |A fc D(0| \$p(l,z)\ + |A fc ^ p (/,z)|, 
and, by denoting u — (u, 0, . . . , 0) G [— 7T, 7r] d , 

AH = / lf\- d Tf- Yu(he ie ) m,J 6 )\ M,™e»)\, (4.17) 

J[-K,ir]* (27T) d ./_,, 27T 

Uv) = f 7^5 r ^ l6,(l,e*)|Y*(l,me"), (4.18) 

/ 3 («) = / if\- d Tf- *^ e *) i^>(W)i> ( 4 - 19 ) 

A(«,«) = / Si~ d rZ Yu(l,e* e )%(l,me* e ). (4.20) 



Taking the Fourier-Laplace transform of (|4.5I) - (|4.7|) (also recalling (12.11) ) and using (14.161) . 
we obtain the following: 

Lemma 4.4. For any p G (0,p c ) and m G [0,m p ), 

r >^ikM T "" +5p2m J!^ ii{u) )- (42i) 

^<-H^ +5J ^I^ h( 4 (4 - 22) 

(4.23) 
14 



Proof. We only prove (14.221) . since the other two inequalities can be proved in the same 
way. 

First we use f)4.16|) to bound \yi — Xi\ S2 in (j4.6p . The first term in (14.221) is due to the 
first term in ( 14. 16ft and the trivial inequality 

y 
To complete the proof of (j4.22p , it thus remains to show 

J2MV + *)(!- C08(v yi ))^(y) < ^Uv). (4.24) 

v 

However, since 1 — cos ^2 j=1 tj < (2 J + 1) ^2 j=1 (l — cos tj) (cf., (TTj (4.50)]), we have 

(l - co8(vyi))if; p (y) = (l - cos(vyi))(q p * (p p )(y) 

- 5p^2 (l - cos(vwi)) ( D(w) ip p (y - w) + (p p (w)D(y 



— w. 



Applying this to the left-hand side of (14.241) . then taking the Fourier-Laplace transform 
and using \<p p (l, e %e )\ = \<p p (l, e~ i9 )\, we obtain (j4.24p . This completes the proof of (14.221) . 

D 

4.3 Bounds on the diagram functions 

In this subsection, we complete the proof of Proposition 13.11 using the following lemma: 
Lemma 4.5. Let a > and d > 2(a A 2), and choose 5 as in Ii3. 1\) and 8\, 62 G (0, 2) as 

5 < <Ji < a A 2 A [d - 2(a A 2)), S 2 = a A 2 + S - Si. 

Then, 

T \ 

p,m 

T p , m = 0(X), W;, m =0(1), (4.25) 

W" 

p,m ) 

uniformly in p G (0,p c ) and m G [0, m p ). 

Proof of Proposition \3.1\ First, by Lemmas 14.11 and 14.31 with r = 5± + 62 = a A2 + 5 < 4, 
we obtain that, for any p G (0,p c ], 

J2\^\ aA2+5 K^^)\ m ; 

(x,n) 

00 / 

<d 3 Y,(N + l) 5l+52 (T p , m X" 2 ( (N(l + T p , mp ) + T p , mp )T p , mp H/;; mp 

at— n \ 

+ N((N- 1)(1 + T p , mp ) + 3T p , mp )T; imp H/; imp ^) . (4.26) 
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Ar=0 



Since the diagram functions (|4.4p — (J4.7J) are increasing in m > for every p > and 
in p > for every m > 0, the uniform bounds in (14.251) imply that these diagram 
functions at m — m p obey the same bounds uniformly in p G {0,p c ]. Therefore, the 
right-hand side of ( 14.261) is convergent, if A is sufficiently small. This completes the proof 
of Proposition 13.11 □ 

Proof of Lemma \4-5\ It is not hard to extend pQ Lemma 4.1] to show that T Pjm = 0(A) 
uniformly in p G (0,p c ) and m G [0,m p ). Recall Lemma 14.41 To complete the proof of 
Lemma I4.5[ it thus suffices to show that the integrals in (I4.2ip - (l4.23p of ii, . . . , I4 are 
bounded uniformly in p G (0,p c ) and m G [0, m p ). 

The integrals of I2 and ^3 are easy and can be estimated similarly. For example, by 
(123])-([2TD and \A v D(l)\ < 2(1 - D(v)) (cf., (J2HD), 

d d Z f d6 



2vr |0| + 1 -D(l) V |0|+1 -£>(/) 

1 



Uv) = jj^yj^ m,e»)\(\A*D{t)\ |^(/,me* e )| + \A,0 p (l,me i6 )\) 
- V V ; V (2vr) d 7 2vr \0\ + l-D(l)\\ 



( /V! _ in±J , ( , i _ 1) (\9\ + l- D(l + jv))(\e\ + 1 - D(l+j>v)) 

holds uniformly in p G (0,p c ) and m G [0, ra P ). Using the Holder inequality twice and the 
translation- invariance of D, we have 

d0 1 1 



2vr |0| + 1 - D(l) (|0| + 1 - D(l + jv))(\6\ + 1 - D(l + fv)) 

2 \ V2 



, . . d0 I / I 



d0 

x 



2vr |0| + 1 -Z>(7) V |0| +1 -D(l+jv) 

1/2 



2tt |0| + 1 - £>(/) V |0| + 1 - D(l + j' 



< 



'V) 
, ,\ 1/6 / , v o\ 1/3 

d0 ( 1 \ 3 \ / f d9 



2vr \\e\+l-D(l)J J \J 2n \\6\ + l -D(l+ jv 

1/6 / ,\ 1/3 

d0 / I V\ / [ dO ' 



x 



2vr V|0| + 1-D(/)/ / \J 2tt V|0| + 1 -£>(/ + j't7) 
d0 



2vr V|0| + 1-.D(O 
Since, by ( 11.11) . 



d d l f d6 f 1 \ 3 /• d d / 0(1: 



(2Tr) d J 2tt V|0| +l-D{l)J 'J (2vr) d (1 - £>(Z)) 



< / ,„ x, ^ < OO 
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holds for d > 2(a A 2), we conclude that, for 5 2 = ot A 2 — (Si — 5) < a A 2, 

[^ s i 2 (v)<[^ s O(l-D(v))<^ 

J (J */ u 

as required. 

Next, we consider the integral of I\. In fact, we only need consider the contribution 
from \Afi(p p (l,e l6 )\ in Yn(l,e te ) of (14.171) . because the contribution from the other term 
in Ytf(l, e td ) can be estimated similarly to the integral of I 2 , as explained above. Using 
(I2.6p - fl2.7l) and ignoring some factors of \9\, we obtain 



d d l f d6 



(2vr) d J 2tt 



A^ p (l,e ie )\\0 p (l,e ie )\\^ p (l,me ie )\ 



^ y, r d d l 0(1 -D(u)) f d9 ( 1 

~h)' (2^F (l-D(l+ju))(l-D(l + fu))J 2^{\e\ + l-D(l), 

<0(l-D(u))Y f-^L s 1 s , (4.27) 

where Yl(jj') * s the sum over iJif) = (0; ^l)) (1> ~ !)■ By the translation-invariance and 
Z d -symmetry of D, the integral for (J,f) = (0, ±1) equals 

f d d l 1 
J( w ) = / JLL s _ s . (4.28) 

./^^d (2vr) d (l _ D(l)) 2 (l -D(l- u)) 
Moreover, by the Schwarz inequality, the integral for (j,j') = (1, —1) is bounded by 

d d l 1 N 1/2 



(2vr) d (i_ j d(/ + 1 2))2( 1 _ j d( / )) 

d d / 1 N 1/2 



(2vr) rf (l-D(Z-iZ))2(l-D(0)y 
Therefore, 

(T4T27D <Q(1-D(m))J(m). (4.29) 

Now we show 

J(u)<O(^- 3 ( aA2 » A0 ), (4.30) 

which is sufficient for the integral of I\ to be convergent for 8\ < a A 2 A (d — 2 (a A 2)). 
Let 



i? 1 = {ie [-7r,7r] d 

i? 3 = {I e [- 



-7T, 7T 



J 



|/| > |u}, (4.31) 

\l\ < |u, |/| < |f-u|}, (4.32) 

|/| < §u, |/-m| < |/|}. (4.33) 
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Notice that 1 - D(l - u) > 0(\l - u\ aA2 ) for any I G [-7r,vr] d and u G [0, 1] (cf., P 
Proposition 1.1]). Since | Z — -zx| > |/| — u > ||/| for I G Ri, we have 

_li 1 < Ofl) / d j < ( O(' M (rf-3( Q A2))A0N 

aW (i-b(iy n i-D(i-u))- [ } J Rl w^- K j ' 

Moreover, since \l — u\ > ^ for / G i? 2 and |/| > | for / G -R3, we have 

d "' l £ o(«— ) / _ -£- < o(„«<->), 



(r, (2n) d (l - B(()) 2 (l - D(l - u)) ~ J msiu |(| 2< " A2) 

and 

H d / 1 /" r\ d l 

r 3 (2n) d (1 _ D{1))\1 - D(l -u))~ J\i\<lu \l\ aA2 ~ V ' 

This completes the proof of (14.301) . as required. 

Finally, we discuss the integral of I4. We only need consider the contribution from 
|A^ p (/,e 40 )||A i ;< ] 3p(/,me j6 ')| in Ya(l, e td )Yi;(l,me ie ) of ( 14.201) . since the contributions from 
the other combinations are bounded similarly to the integrals of 7 1? / 2 ? ^3 as long as d > 
2(a A 2), 5 1 < a A 2 A (d - 2(a A 2)) and 5 2 < a A 2. Using ff27fj) and ignoring some factors 
of 101, we have 



/ WfJ 27 l A ^' e ^l |A«&(i,roe")| 

d d i o{i-b{u)) 



< 



E 



Notice that 



x / ^ , L^@ , . (4.34) 

J 2n ^ e \ + 1 - D{ j + j 2 ^\e\ + i-D{l + j' 2 v)) 



E ' " s 



iij/ , ] . 2vr (|0| + 1 _D( Z+J2i j))(| fl | + i _£>(/ + jffl) 



< ,f^ 1 - £)(/ + 7210 V £>(Z + i'v) < ,±1, 1 



(J2j' 2 ) 



D(l + j 2 iT) V D(l + j^) ^ 1 - D(l + jv) 



The contribution from j = is bounded, similarly to (14.291) . by 0(1—D(u))j(u)(l—D(v)), 
where (1-D(u)) J(u)/u 1+Sl is integrable if 5 1 < aA2A(d-2(aA2)) and (l-Z)(w))/t; 1+<52 
is integrable if ^ < a A 2 (see around (I4.30P ). On the other hand, the contribution from 
j = ±1 is bounded, due to the Schwarz inequality and the Z d -symmetry and translation- 
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invar iance of D, by 

y^ r d d l 0(1 -/)(«)) l-D(v) 

hJ ^ (1 - D(l + j^))(l - D(l + j[u)) l-D(l+ jv) 

d d i (i-b(v)) 2 ^ 1/2 

X ' ' 



(2n) d (i-b{l+j[it))(l-b(l + jv)) 2 , 

<o(i-b(u))(i-b(v)) J2 J{( l -M» 1,2 J(\ v -n'M) l/2 

Cfu'i) 
= 0(1 - £>(«)) (1 - D(v)) ((J(u) 1/2 + J(2u) 1 ' 2 ) J(\ v + 3 u\) 1/2 

+ J(u) 1/2 J(\v-ju\) 1/2 y (4.35) 

It is not hard to show that J(2u) and J{v +u) obey the same bound as J{u) for u, v G [0, 1]. 
Therefore, the contribution to (I4.35J) from J(v + u) is bounded by 0(1 — D(u))(l — 
D(v))J(u), which divided by u 1+Sl v 1+h is integrable if d > 2(aA2), <Ji < aA2A(d-2(aA2)) 
and <5 2 < Oi A 2, as explained above. Moreover, since 



3u 



-—^(1-D (v )J (v-u 1/2 < / drJr 1/2 x ) n . , An /. 



o 



( u ^t^ao +1 ) 



d-3(aA2) .„ 



and 



2> 2 ' 



[0,l]\p Ml f 



*> (1 _ D ( a))i ( |» - „|)^ < <,(„***») /' * (i - D(a» 



d-3(aA2) . n 



we have 

'* dw 



,l+<5 2 



(1 - D(iJ)) J(|v - u\fl 2 < 0( M ^^ AO ), (4.36) 



i.e., the left-hand side of (14.361) obeys the same bound as J(w) 1 / 2 . Therefore, the contri- 
bution to (I4.35P from J(\v — u\), divided by u 1+Sl v 1+ 2 , is also integrable if d > 2{a A 2), 
Si < a A 2 A (d — 2 (a A 2)) and # 2 < oc A 2, as required. This completes the proof of 
Lemma 14.51 □ 
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